Lecture 15 Null spoces, column spaces, and row spaces

D_ext_ Let A be a watrix .

) Tts null space Nul(A) is the solution set of the equation AX =T

(2) Tts column space Col(A) is the span of +he columns

(3) Tts row space Row(A) is the span of the rows

Prop Let A be an mxn motrix.

(1) Nul(A) is o subspace of IR
(2) Col(A) is o subspace of IR
3) Row(A) is o subspace of R
Pt ()« zero vector: T in Nul(A) (AT=7)
v closed under oddition -
% ond ¥V oin Nul(A) = A@+V)=AU+AV =0+0=0
= WV in Nul(A)
+ closed under scolar multiplication
T in Nul(A) = AlCW)=cAT=cT=T for any ceR
= ¢« in Nul(A) for any ceR
Hence Nul(A) is a subspace of R
) CollA) is the span of the columns

= Col(A) is o subspace of R"
(3) Row(A) is the span of the rows

= Row(A) is a subspace of R



T . .
Def Given a matrix A, its transpose A is the matrix whose columns

are given by fhe rows of A (in the same order)
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eg. A=|01 2
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Note (10 Tf A is an mxn watrix, A is an axm wmodrix.

o O W
o vl P

-«

| 3
2 |
0o 2
5 O

A ON

- -

() Row(A)=Col(A)
3) (A=A
% There are many interesting properties of tronspose that we

will never use in Math 313
eq. (A+B) =A+B (AB) =B'A

Prop Let A be on mxn matrix.

(1) A vector VelR" lies in CollA) &= AX =V has o solution
@) A vector WeR" lies in Row(A) € AT =% has a solution

P_WC (1) Let Vi, Vo,V be the columns of A
V lies in Col(A)

&V lies in the span of VI, Vo, W

l

& V=XV X Vot +XaVa tor some X, X,, % €IR

& vV =AX has a solution

l

) W lies in Row(A)=Col(A)

W=AT has o solution
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Ex  Consider the motrix

24
A—{255}

) Determine whether Nul(A) contoins G[

@ e[ 3]

= Nul(A) |contains ™

2) Determine whether Col(A) contains 7:[

Sol We consider the equation AX =
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The e%ucxﬁon has o solution .

= Col(A) |contains V

(3) Determine whether Row(A) contoing W

Sol We consider the equation AT =
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The e%uaﬁown has no solutions.
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= Row(A) |does not contain W
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Ex T possible, express each sef either as Nul(A) or Col(A) for

o suitoble moatrix A.

204+ b

, o-3b|_ [1]. [3
Sol We may write [2Q+ b:l— 0\[2}+b ':l

= The set is the span of &7:[[2 and Vzli-ﬂ-

() The set of oll vectors of the form { Q_ab} with o, belR

= The set is Co\[l -5}
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@ The set of all points (x,y,2) in R with x+y=22 and y=2x+3z.

Sol The set is given by the solutions of +he linear system

><+3—2z:0

2X—Y+32=0

= The set is |Nul ['2 . ﬂ

Note We way visuolize the set os the intersection of the planes
qiven by x+y—22=0 ond 2x-y+32=0
(3) The set of oll points (x,4) in R with y=x+2

Sol The set is not a vector space as it does not contain the zero

point (0,0].

= The set is LnoJr Nul(A) or Col(A) for any watrix A




